Introduction
In this paper we shall deal with nite sequences consisting of some symbols. S(u) denotes the set of all symbols occuring in the sequence u = a 1 a 2 :::a m , juj stands for its length (juj = m) and kuk stands for the cardinality of S(u) . If a i = a 2 S(u) then a i is called a-letter. That a i precedes a j (in u) means that i < j.
We write u v and say that the sequence v contains the sequence u if some subsequence w of v di ers from u only in names of symbols (in particular jwj = juj and kwk = kuk). Example: u 1 = 1232454 contains v 1 = xxyy (here x; y were renamed to 2,4). The k-regularity of u = a 1 a 2 :::a m means that a i = a j ; i 6 = j implies ji ? jj k. Example: v 1 above is not 2-regular, u 1 is but is not 3-regular. The maximum length of sequences not containing a given (forbidden) sequence u is measured by the function f(u; n) = maxfjvj j u 6 v; kvk n; v is kuk-regularg:
We shall show below that the maximum is de ned correctly.
The rst problem considering f(u; n) was posed by Davenport and Schinzel DS] in 1965 when they asked about the asymptotic growth of F = f(ababa; n) and in general of f(ababab : : :; n). They proved F = O(n log n= log log n). This was later improved by Szemer edi Sz] to O(n log n) (for any of those functions, log n is the minimum number of 2's in 2 2 : : 2 making this tower greater or equal to n) but whether F = O(n) remained unclear. Hart and Sharir HS] answered this question negatively: F = (n (n)) where (n) is the functional inverse to the Ackermann function and goes to in nity but very slowly. Recently both sharp upper and lower bounds on the functions f(ababab : : :; n) were found ASS], S].
The aim of this paper is to give (linear) upper bounds for extremal functions of forbidden sequences a(i; k) = x i 1 x i 2 :::x i k x i 1 x i 2 :::x i k . Here x j are k distinct symbols and x i stands for xx::x i times. The main result is the estimate f(a(i; k); n) = O(n).The sequences with a linear upper bound form the set Lin = fu j f(u; n) = O(n)g and our result may be reformulated as x i 1 x i 2 ::: The plan of the paper is as follows. In the rst section we recall de nitions and introduce several new ones.
Then we derive a(i; k) 2 Lin from 1) and 2) and prove several auxiliary but useful lemmas. In the second section results related to 1) are proved. The proof of 2), which is technical, may be found in the third section. In case u is k-regular and m = k we shall say simply that u is (weakly) l-mixed.
De nition 1.3We say that a letter a i may be c-deleted from a k-regular sequence u = a 1 a 2 :::a m if it is possible to delete a i with at most c ? 1 other letters in such a way that the remaining sequence is still k-regular.
It may be easily seen that any letter may be 2-deleted from any 2-regular sequence. It is not the case for three-and more regular sequences: in the sequence :::xyzxyzxyzayxzyxzyxz:::
which is 3-regular it is impossible to delete the single a-letter and to preserve 3-regularity without deleting many x; y; z-letters. We shall see below that under the condition of not containing a forbidden sequence c-deleting is possible for general k-regularity.
De nition 1.4 We de ne a greedy algorithm A(k) that choses from a given sequence u = a 1 a 2 :::a m a k- Recall that u v means that for any S S(v) ; jSj = kuk there is a u-copy u in v such that S( u) = S. Theorem B For all positive integers i and k there exist integers n and l such that a(i; k) u whenever kuk n and x l y l x l y l u.
To derive the main result from Theorem A and Theorem B one more lemma is needed.
Lemma 1 Proof: Let v be a k-regular sequence not containing a(i; k). We show that v satis es the hypothesis of Theorem A for parameters m = n(i; k); k = k; l = 2l(i; k); u = a(i; k) where l(i; k) and n(i; k) are the integers of Theorem B. Suppose on the contrary that v is not weakly (m; l)-mixed. Then according to Lemma 1.5 b) there exists a subsequence w of v such that kwk = n(i; k) and x l(i;k) y l(i;k) x l(i;k) y l(i;k) w.
Theorem B yields a(i; k) w which is a contradiction. Thus, according to Theorem A, jvj ckvk; c = c(i; k).
In the rest of Section 1 we prove four auxiliary lemmas which will be needed in the following sections. Lemma 1.7 Consider a generalization of the function f(u; n) f(u; n; l) = maxfjvj j u 6 v; kvk n; v is l-regularg: a) f(u; n; l) is nite for any sequence u and all integers n 1; l kuk. b) f(u; n; l) f(u; n; k) (1 + f(u; l ?1; k))f(u; n; l) for any sequence u and all integers n 1; l > k kuk. Proof of a): If 1 n < l then trivially f(u; n; l) n. Let n l. We prove u v whenever v is l-regular, kvk n and jvj kuk(1 + Proof: Let a x 1 ; a x 2 ; ::: be all x-letters in u numerated from left to right for all x 2 S(u). The sequence u is de ned as consisting of those a x i that i 1(mod l). The desired sequence v is obtained from u by the greedy algorithm A(k). The sequence v posesses obviously properties 1) and 2). It remains to prove that v is su ciently long. We de ne S as the set of all intervals in u into which v divides u . Let I 2 S. We decompose I = J I K I = I 1 I 2 :::I p K I ; jI i j = k; jK I j k?1. The de nition of A(k) yields kIk k?1. Thus in any I i some symbol repeats. The construction of u implies that there are another l ? 1 letters of that symbol between those two letters in u. But and it su ces to estimate the size of M.
For this purpose we de ne a mapping F that maps M into the set of all last letters in w. We put F(a 0 ) = the last element of fb 0 j b 0 is the last b-letter; a > b; a 0 = a(b)g. We prove jF ?1 (b 0 )j k ? 1 for any last b-letter b 0 , b 2 S(w). If it is done we conclude | jwj k(2kwk + jMj + 1) k(2kwk + (k ? 1)kwk + 1) = k(k + 1)kwk + k:
Suppose on the contrary that F( x 1 ) = F( x 2 ) = ::: = F( x k ) = y where x i is an x i -letter, y is the last y-letter, x i and y are k + 1 di erent symbols, x i > y and x i = x i (y). Some two symbols of x 1 ; x 2 ; :::; x k must be 1-good. Thus x r > x s for some r; s because only c) can occur. It may be easily checked that x r = x r (y) = x r (x s ) which is a contradiction with the de nition of F because y precedes the last x s -letter.
The estimate in Lemma 2.1 may be slightly improved: a) Even jMj (k ? 1)(kwk ? 1) because F ?1 (the end of w) = ;. Using this idea we obtain jMj (k ? 1)kwk ? ((k Here Theorem B will be proved.
Denote by R(r; n) the minimal N such that any colouring of two{term subsets of an N{term set S by r colours yields a monochromatic n{term subset of S (see GRS]).
Lemma 3.1 Suppose that x l y l x l y l is a subsequence of w = w 1 w 2 w 3 . Then y l is a subsequence of w 1 or x l is a subsequence of w 2 or y l is a subsequence of w 3 .
Proof: Obvious.L emma 3.2 Suppose w contains m + 1 x-letters and m + 1 y-letters x 0 ; x 1 ; :::; x m ; y 0 ; y 1 ; :::; y m enumerated from left to right and x 0 precedes y 0 . Let m = 2i(k ? 1). Then one of a){d) holds. a) x (a+1)i precedes y ai for some a 2 f0; 1; ::; 2k ? 2g b) y (a+1)i precedes x ai for some a 2 f0; 1; ::; 2k ? 2g c) x a1 precedes y a1 precedes x a2 ...x a k precedes y a k for some indices 0 a 1 < a 2 < : : : < a k 2k ? 2 d) y a1 precedes x a1 precedes y a2 ...y a k precedes x a k for some indices 0 a 1 < a 2 < : : : < a k 2k ? 2 Proof: If neither a) nor b) holds for any a 2 f0; 1; :::; 2k ? 2g then x 0 ; y 0 precede x i ; y i precede...precede Theorem B For any positive integers i and k there exist integers n and l such that a(i; k) w whenever kwk n and x l y l x l y l w. Proof: It su ces to put n = R(2p 2 m ; h); l = m+1 = 1+2(i?1)(hi?1); h = 6R(2p r ; k)?3; r = 2(i?1)(ki?1).
We split w = w 1 w 2 so that any x 2 S(w) has l letters in both w 1 ; w 2 (we split w in the last l-th letter). 
